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ABSTRACT 

We construct log rigid syntomic cohomology for strictly semistable schemes over the ring of 
integers of a p-adic field, and prove that it is interpreted as the extension group of the complex 
of admissible filtered (</>, iV)-modules. 
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1 Introduction 

1.1 Main result 

Let K be a p-adic field with the ring of integers V. For a smooth scheme X over V, the 
rigid syntomic cohomology group iL* yn (A,n) was defined firstly by Gros [ Gro2] under 
certain assumptions, and then by Besser |Besj in general. Note that the notation H syn 
is different from [Gro2| and j Besj . Bannai iBan| proved that the rigid syntomic coho¬ 
mology can be interpreted as the absolute p-adic Hodge cohomology. His construction 
is improved by Chiarellotto, Ciccioni, and Mazzari [COM ] using generalized Godement 
resolution. 

Absolute cohomology means the extension group of geometric cohomology complex. 
See Tabled] of the bottom of this page for example. Let Smjf be the category of smooth 
varieties over K. Conjecturally, there should exist the rigid abelian tensor category 
M.M.K of mixed motives over K with a functor h : (Smx) op —>• D b (M.M.K), satisfying 
some desirable properties. For example, for any cohomology theory * satisfying some 
axioms with an abelian category A and a functor AT* : (Sm^) op —> D b {AA), there is the 
realization functor 1Z* : MMk —> A * such that its derived functor D1Z * : D b (A4M.K) —>■ 
D h (AA) satisfies AT* = D1Z * o h. Then D1Z * induces the map 

DU* : Ex.t l Db{MMK) (l,h(X)(n)) -> Ext^ ( ^ } (l, Dll* o h(X){n)) (1.1) 

= Ext^,(, ( _ 4 t) (l, RY*(X)(n)). 

The motivic cohomology H l M (X,n) and the absolute cohomology n) for * are 

defined to be the left and right hand side of (1.1) respectively. Note that the triangulated 
category having desired properties which D b {JAM.K ) should have is constructed by 
Voevodsky [Vo]. For example the equality 

= K 2 n -i{X)^\ 

holds, where the right hand side is the eigenspace of Adams operation on the rational 
A’-group. 

Absolute cohomology should be related with the values of (p-adic) L-functions in the 
context of (p-adic) Beilinson conjectures. For smooth projective varieties having good 
reductions at p, p-adic Beilinson conjecture was formulated by Perrin-Riou [PRj . It can 
be interpreted through the rigid syntomic regulator map 

r syn -Ki{X) ^H^-\X,n) 


Table 1: geometric and absolute cohomology 


X 

geometric cohomology 

absolute cohomology 

realization category 

over a field 
of char. ^ l 

Ladic etale of X 

Aadic etale of X 

Aadic representations of 
the absolute Galois group 

smooth 
over C 

Hodge 

II 

Betti + de Rham 

absolute Hodge 

II 

Deligne 

mixed Hodge structures 

smooth 
over V 

p-adic Hodge 

II 

rigid + de Rham 

absolute p-adic Hodge 

II 

rigid syntomic 

admissible filtered 
(</>, Nj-modules 
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constructed by Besser jBesj . and proved in some special cases (cf. (BBdJR] , BK i. 
Conjecturally, r syn should commute with D1Z Hdg in the sense of section 11.21 In the 
general setting including bad reduction, p-adic Beilinson conjecture has not yet been 
formulated. 

The purpose of this paper is to define the log rigid syntomic cohomology for strictly 
semistable schemes as the absolute p-adic Hodge cohomology. For a strictly semistable 
scheme X , Grofie-Klonne (GK3] introduced the log rigid cohomology of the special fiber 
on which the Frobenius operator and monodromy operator act. On the other hand, 
the de Rham cohomology of the generic fiber has the Hodge filtration. Gluing these 
complexes, we get the p-adic Hodge complex MrHdg(T’) which is an object of the certain 
triangulated category pHC^. The derived category pHD^ of pHC^ exists, and we define 
the log rigid syntomic cohomology group with Tate n-twist by 

Hi yn (X,n) = Ext; nDK (K 0 ,RT Rdg (X)(n)). 

The equivalence 0 : D b (MF^(4>, N)) — > pHD^ in Theorem 12.5.11 gives a validity of 
this definition. Namely, when X satisfies Hyodo-Kato condition (HK) in section 14.11 
Hly n (X, n) is regarded as the extension group of a complex of admissible filtered (q f>, N)- 
modules associated to X. 

In |NN| . Nekovar and Niziol defined the syntomic cohomology for varieties over K 
using crystalline cohomology and /i-theory. Their results are very general and contain 
the situation of this paper. An advantage of (log) rigid syntomic cohomology is that 
(log) rigid cohomology is defined as de Rham-type cohomology of an analytic space, 
unlike etale and /i-cohomology. So it is hopefully more amenable to explicit calculation, 
and we will be able to use p-adic analysis to relate it with the values of L-functions. 
Since (log) rigid syntomic cohomology should have suitable properties for non-proper 
schemes, it would be usable to construct the p-adic realization of polylogarithms. 

1.2 Philosophy of p-adic Hodge cohomology 

Let Gk be the absolute Galois group of K. Let MF^*(</>), MF|(? ( 0 , N ), and MF^(0, N, Gk ) 
be the categories of admissible filtered ^-modules, (cj), A")-modules, and (cj), N,Gk)~ 
modules defined by Fontaine. Note that they are equivalent to the categories of crys¬ 
talline, semistable, and de Rham representations of Gk- 

For a strictly semistable scheme X satisfying (HK), MrHdg(A’) in pHD/^ should be de¬ 
pend only on the generic fiber X. Moreover there should exist p-adic Hodge cohomology 
theory for smooth varieties over K with 

RT ndg : (Sm^)°P D b (MF^{</,, N, G K )) 

such that Rr H dgPO is in D b (MF^ ((j), N)) and correspond to MrHdg(A’) by 0. Fontaine 
and Perrin-Riou’s observation of cohomology of filtered modules suggests 

^ X ^D 6 (MF^(</>,AT,Gk)) ’ -^^Hdg(^f ){ n ) ) — E x t£)b(MF|^((ji,Ar)) (^Oj-RrHdg(Ai)(n)), 

namely 

K hs _ Hdg (X,n) = Hi yn (X,n). (1.2) 
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For a smooth scheme X satisfying (HK), iiTHdg(^0 will be in D fe (MF^(</>)), and we 
should have 

K yri (X,n) = Ext l Db{MF ^ ( 4 >)) (K 0 ,RT ndg (X)(n)). 

Let H l M (X,n)z be the integral part of the motivic cohomology of X , defined by the 
image of the canonical map K-2 n -i{X ) —>• H l M (X,n). Then r syn above passes through 

r syn ■.HUiX^^Hl^X.n), 


and it commutes with 


-DT^-Hdg : H l M (X,n) -H* bs _ Hdg (A, n) 

through the identification (11.21) and the canonical projection H^ yn (X, n) — >• Hf: yn (X,n) 
given by Proposition 14.2.31 

1.3 Outline of this paper 

In section 2, we recall about admissible filtered ((f), IV)-modules and define p-adic Hodge 
complexes. The extension group of an admissible filtered (cf), IV)-module by Kq is com¬ 
puted in m as the cohomology group of the certain simple complex. We generalize 
this calculation to extension groups of a complex of admissible filtered ((f), A r )-modules. 
And then we apply this argument to the calculation of extension groups of p-adic Hodge 
complexes. Using those calculations, we will show that 0 : D b (MF^((f>, N)) —» pHD 
is equivalent (Theorem 12.5.11) . These argument follows that of Bannai [Ban] with the 
techniques of gluing categories in [Beil] and }Hu2] , 

In section 3, we construct the p-adic Hodge complex associated to X. The construc¬ 
tions of log rigid complexes and comparison maps of them are almost due to Grofie- 
Klonne in |GK3| . He constructed the log rigid complexes of two types. One is defined 
by choosing admissible liftings and using Steenbrink double complexes, then it has the 
Frobenius operator and the monodromy operator. Another one is defined more simply, 
and related with the de Rham complex directly. He also constructed the comparison 
maps between them. We will show the functoriality of the log rigid complexes with the 
operators, which was only unproven. 

In section 4, we define the log rigid syntomic cohomology, state some properties 
concluded immediately. In particular, we construct the Chern class map following the 
method of [Besj and [Hu2j . 
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1.5 Notation 

• Let K be a p-adic field with the ring of integers V and residue field k. Fix a prime 
element it of V. Let W be the ring of Witt vectors of k, K$ be the fraction field of 
W, and a be the Frobenius automorphism on Kq. Let v p be the additive valuation 
on A'o normalized by v p (p) = 1. 

• For a field F, we denote the category of finite dimensional A-vector spaces by 
Vec f- 

• For an abelian category A, we denote the category of bounded complexes of objects 
in A by C b (A), and its derived category by D b {A). 

• Assume C is an additive category with internal Horn. For complexes L* and M* 
of objects in C, we define a complex Horn * (A*, M*) by 

Horn \L%M m ) = Y[Rom(L j ,M i+j ) 

j&L 

with differential given by 

^(/) = (fj+i o 4 + (-l) i+1 4? ° fi)j 

for any / = ( fj)j 6 U jcZ Horn 

2 Calculation of extension groups 

In this section, we will show that the derived caterory of admissible filtered ((f), N)- 
modules is equivalent to a certain full subcategory of the derived category of p-adic 
Hodge complexes, by calculating their extension groups. 

2.1 Admissible filtered (<j>, A)-modules 

We recall about admissible filtered (</>, A r )-modules and their tannakian category intro¬ 
duced by Fontaine |Fb]. 

Definition 2.1.1 (filtered (<^>, iV)-module). A filtered module over IF is a finite 

dimensional Jio-vector space M equipped with additional structures as follows: 

(1) A er-semilinear isomorphism on M, which is called the Frobenius operator. 

(2) A Ao-linear endomorphism N on M, which is called the monodromy operator. 

(3) A decreasing, separated, and exhaustive filtration F* on Mk = M ®k 0 K by 
A'-subspaces, which is called the Hodge filtration. 

(4) (j> and N satisfy Ncj) = pcj)N. 

A morphism of filtered (</>, Aj-modules is a Ao-linear map commuting with 4> and N 
such that the induced AMinear map preserve Hodge filtration. 

Remark 2.1.2. The condition Ncj) = pcj>N implies that N is nilpotent. 
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Let M be a filtered (cj>, lV)-module of dimension d. Choose a iLo-basis {ei,..., e^} 
of M. Then we can write </>(ej) = J2j=i a ij e j- Write A = We define the 

Newton number of M by 

tjsr(M) = Up(det.A). 

Given another choice of basis and A', we can write A' = cr(P)AP ~ 1 with some regular 
matrix P. So t]y{M) is independent of the choice of a basis. 

We define the Hodge number of M by 

tn(M) = ^2 n ' dirrift-GrpM/^ 

nGZ 

where Gr n F M K = F n M K /F n+1 M K . 

Definition 2.1.3 (admissible filtered (</>, lV)-module). A filtered (4>, lV)-module M is 
called admissible if 

(1) t H (M)=t N (M), 

(2) For any filtered (0,lV)-submodule M' of M, tfl-(M') < tjv(M'). 

Let MFfd(</>, N) be the category of admissible filtered {<j>, IV)-modules over K. 

Remark 2.1.4. In classical terminology, the condition ’’admissible” in Definition 12.1.31 
is called ’’weakly admissible”, and admissible means ’’coming from a semistable represen¬ 
tation” in the sense of Remark 12.1.51 below. Remark 12.1.51 says that weak admissibility 
and admissibility are equivalent, so we abuse the terminology. 

MF^(0, N) has a tannakian structure over Q p as follows (cf. (Fo21 section 4.3.4). 
For filtered (</>, A r )-modules L and M, we define cj) and N on L <S)k 0 Af, and F * on 
(L ®k 0 m )k = L k ® k Mk by 

(,b(l®m ) = ® 4>M(rn) 

N(£®m) = N L {£) + N M (m) 

F l (L K ®k M k ) = '22 ®k FmMk 

j+j’=i 

for any t G L and m G M. Then L ®k 0 Af becomes a filtered (<^>, iV)-module. If L and 
M are admissible, then L <S>k 0 AT is also admissible. 

Next, we define 4> and N on the set of Ro-linear maps Hom^ 0 (L, M), and F* on 
Horn Kq (L,M) = Horn K (L K ,M K ) by 

<K/)(^) = 4>m ° f ° 0Z 1 (?) 

N(f)(e) = N M °m-f°N L (£) 

F i Horn K (L K , M k ) = {g : L K —>• M K \ g(F j L L K ) C M K for all j G Z} 

for any / G Hom^ 0 (M, M r ) and m G M. Then Homx 0 (Af, M') becomes a filtered (4>, N)- 
rnodule. We denote it by HornIf M and M' are admissible, then Horn (M,M') 
is also admissible. 

Remark 2.1.5. There exists an equivalence of tannakian categories between MF^ 1 ((f). N ) 
and the category of semistable Q p -representations of the absolute Galois group of K. It 
is proved by Colmez and Fontaine in [CFj first. 
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2.2 Extension groups of admissible filtered (</>, iV)-modules 

For objects L* and M* in C b (MF|!?(</>, AT)), we define the complexes A*(L *, M*), B*(L *, M*). 
and C*(L*, M*), and maps p = : A*(L *, M*) —> *) and = 

V>(L*,M*) : B*(L*, M*) -MC*(L*,M*) by 


A*(L*, M*) 
B* (L*, M*) 
C*(L*,M*) 

v?0,y) 

^(x,y,z) 


Horn * (L*, M*) © F° Horn * (L^, M' K ) 

Horn *(L*. AT) © Horn * q*. AT) 0 Hom ‘(X^. AfJ-) 
Hom*(L*, M*) 

(N(x),x - cj>(x),y- x) 
x-p4>(x) - iV(y). 


Then we have the double complex 

A m (L*,M m ) ^ B*(L*, M*) ^ C*(L*, M*) (2.1) 

of vector spaces over Q p considering A n (L*,M *) to be the (n, 0)-component. Let 


p = p {L*. M*) : H*(L*, M*) —>• Ker* if; 


be a map induced by and put 

r*(L*, Af*) = Cone* (H* (L* , M*)[l] -»■ Cone* if) = Cone*(Cone* v? -»■ C*(L*, M*)) 
f*(L*,Af*) = Coker* <// 

f *(L*, M*) = Coker* if = Coker*(Cone* <p -»■ C*(L*, M*)). 

Note that r*(L*, M*)[—2] is the total complex of (12.11) . Now we have two distinguished 
triangles 


Ker* (p' -^ConeV)- 1 ]- ► r*(L*, Af*)[-1] (2.2) 

Ker*(Cone* tp ->• C7*(L*, M*))[-l] —► r*(L*, M*)[-2]-»- f*(L*, M*)[-2], 

Proposition 2.2.1. Let L* and Af* be objects in C b (MF^((j), N)). Then 

lirji H n (f*(L*. M'*)) = 0 

M'* 


for every integer n. Here M'* runs all quasi-isomorphisms M* — >• M'*. 

Proof. Since H n (T*(L 9 , Af*)) = M*[— 77.])), we can put n = 0. It suffices 

to prove that for any 0-cocycle ( of r*(L*,Af*) there exists a quasi-isomorphism / : 
M* —> M'* such that f(() is a coboundary of r*(L*,M'*). We define an object M' m 
of N )) explicitly for C as follows. We simply write d, N, </> the operators on 

filtered (</>,AQ-modules (omit the subscripts). Take ( x,y,z ) € Ker 0 '*/’ representing £. 
Then 

x — pcfxcf^ 1 — AT/ + y./V = 0 
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and there exists (s,t) £ A x (L a , M*) such that 

xd — dx = Ns — sN 
yd- dy = s - 0 ;y 0 _1 
zd — dz = sk — t. 

We put 

M h = M i © L i+1 © V © L i+1 © V © V © V~ l 

as a vector space over Kq for every integer i. Define the differential, monodromy, and 
Frobenius operators on M'* by sending 77 = (m, 4, 4, 4, 4, 4, 4) £ M n to 

d(rj) = (dm + x£\ — dx 4 + xdt 2 + y£ 3 — dyi 4 + yd 4 + s 4 + ds£e + sdl 6 , 

—g? 4,4 + d4, —<i4, £3 + d4, d£$, —4 — d£§) 

N(i 7 ) = (IVm — iVx4 + xlW 2 - A44 + yiV4, 1V4, 2V4 + 4, A4 3 , iV4, JV4, JV4) 

p(rj) = (cpm — (pxl 2 


^ - #4 + y(p£ 4, —, —, 04, <p £4 - 04,04,04) 

p p p 


respectively. We define the Hodge filtration on by defining F k M'^ to be the set con¬ 
sists of all elements (m + x4 + 2/A'4 + z4~£4,4,4,4,4,4,4) with m, 4,4,4,4,4, 
and 4 are elements of F k M l K , F k+1 L^ 1 ,F k+1 L i K ,F k L i + 1 ,F k L i K ,F k L i K , and F k V^ 1 
respectively. Then we can verify that M'* is a complex of filterd (0, lV)-modules over 
K by straightforward calculations. The map / : M* —» M'* is defined by the canonical 
inclusion. Let L'* be the cokernel of / (as a complex of vector spaces over Kq) with 
induced operators. Let L* = Cone*(L* L*). Then we have two short exact sequences 
of complexes of filtered (0, fV)-modules 

a r -> m" • r/# 

L*(l) © L* 


0 

0 


L 

L" 


0 

~L-[- 1 ] 


0 . 


Since M* and L* are admissible and admissibility is closed under extension, M'* is also 
admissible. Since L* is acyclic, so is L and / is a quasi-isomorphism. To prove /(£) is 
a coboundary, we define elements ( a,b,c ) £ Ker -1 ip(L 9 , M’*) and (A,//) £ A°(L*, M'*) 
by 

a (£) = (0, 4 0,0,0,0,0), b (£) = (0,0,0, £, 0,0,0), c ( f ) = (0,0,0,0,0,0,0) 

\(£) = (0,0, 0,0, 0, -l, 0), n(g) = (-zH, 0, 0,0, 0, -£', 0) 

for every £ £ L l and £' £ L L K . Then 

fx = da + ad + NX — XN 
fy = db + bd + X — 0A0 -1 
fz = dc + cd + X k — p 


so we complete the proof. 

Proposition 2.2.2. Let L* and M* be objects in C b (MF|S l (0, N)). Then 

\^H n (t*(L\M' 9 )) = 0 

M'* 

for every integer n. Here M'* runs all quasi-isonrorphisms M* —> M". 


□ 
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Proof. We fix an L 9 in C*(MF^(0, N)). Then f(L*,M*) = Coker* £m* where 

£ = Cm* : Horn* (L*,M*)© Horn* (L*,M*) ->■ Hom*(L*, M*) : (x, y) ^ x - pc/)(x) - N(y), 

By shifting, we may assume n = 0. It suffices to show there exists a quasi-isomorphism 
/ : M m —>• M' 9 such that /(x) lies in the image of f° r an y x G Hom°(L*,M*). We 
define such M' 9 as follows. Let M* = Cone*(M* M*)[—1], For k > 1 we define 

M* = M* © M*(l) © ■ ■ ■ © M'(jfe) 

as a complex of filtered vector spaces over Kq, and put M 9 = M *. We define the z-th 
monodromy operator and Frobenius operator on M* by sending r) = (z/o, J/i, 2 i, ■ • •, Zk-i, y k , z k) € 
M' 1 to 

N(rj) = (Ny 0 -y 1 ,Ny 1 -y 2 ,Nzi-Z 2 ,...,Nz k -i-z k ,Ny k ,Nz k ) 

= (#o -p4>yi,p4>yi - p 2 H2,p4>zi -p 2 fz 2 ,... ,p k ^4>z k ^i -p k <t>z k ,p k <j)y k ,p k <l>z k ) 

respectively. Then we can verify that MT is a complex of filtered Frobenius monodromy 
modules over K by straightforward calculations. Since 

0 -»■ ^ M 9 (k) ->• 0 

is exact and M 9 (k) is admissible, each M 9 is also admissible. Let r = 2ro be an integer 
such that N r ° on M* vanish, and put M' 9 = M 9 . Let / : M* —» M'* be the natural 
inclusion. For x G Horn 0 (L 9 . M 9 ), we define a G Horn 0 (L 9 . AT*) by 

a(^) = (0, x£, 0, Nxl - xN£. 0, N 2 xl - 2NxN£ + xN 2 £, 0, 

..., Y (-i) fc ( r ~ 1 ) N r - 1 ~ k xN k e,0). 

0<fc<r—1 ^ ' 

Then we have 

Na(£) - aN(£) = (~x£, 0,0,... , 0) 

and 

/O) = Cm'* (0, a). 

□ 

Lemma 2.2.3. Let L 9 and M 9 be two objects in C b (MF^(cj), N)). We denote p = 
p(L 9 , M 9 ). Then we have the canonical isomorphism 

iL n (Ker p) = Hom^t( MF ad^ )iV ^(L , M [n]). 

Proof. Consider the condition for that an element £ = ( Xj,yj)j G A n (L 9 ,M *) de¬ 
fines a map L 9 —* M 9 [n] in C b (MF^(^>, N)). Then we notice that preservability 
of Hodge filtration and compatibility of monodromy operator and Frobenius operator 
are equivalent to the condition £ is in the kernel of p. Compatibility of differential 
means ( is an n-cocycle of Ker* p. So the group of n-cocycles of Ker* p is isomor¬ 
phic to Hom C i,( MF ad (0 N ^(L*, M 9 [n)). Finally, £ is a coboundary if and only if the map 
L* —> M 9 [n] corresponding to ( is homotopic to zero map. □ 
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Lemma 2.2.4. Let L* be an object in C 6 (MF^(</>, N)). For every quasi-isomorphism 
M* -> M ,m in C b (MF^(</>, N)), the induced map T*(L*,M*) -»• T m (L m ,M' m ) in C b (Vec Qp ) 
is also quasi-isomorphic. 

Proof. Since internal Horn and taking cone define exact functors, r*(L*, —) is also exact. 
So the lemma follows. □ 

Theorem 2.2.5. For every objects L* and M* of C b (MF^((j), N)), we have the canonical 
isomorphism 

Ext n (L*, M*) = Hom D (, (MF ad jv)) (L m , M* [n] ) - FT(r*(L*, M*)[-2]). 

Proof. Taking direct limit of the cohomology long exact sequence obtained from distin¬ 
guished triangles (12.21) for all quasi-isomorphisms M* —> M'* , by Proposition 12.2.11 and 
Proposition 12.2.21 we have the canonical isomorphism 

lin^ H n (Ker* (L*, M 1 * )) = l^tf n (r*(L*,M'*)[-2]). (2.3) 

By Lemma 12.2.31 and Ker* t p = Ker* ip', the left hand side in (12.31) is canonically isomor¬ 
phic to 


lH^Hom X 6^ MF aa ( .^ JV ))(L*,M , *[n]) — Hom D ij MF » d^ N ^(L*,M 9 [n]). 

M“ 

By Lemma l2.2.41 the right hand side in ()2.31) is canonically isomorphic to H n (T'(L*, M*)[— 2]). 

□ 


2.3 p- adic Hodge complexes 

We define the category of p-adic Hodge complexes and its derived category following the 
argument of [Banj . 

Definition 2.3.1. Let C b ig Kq be the category of triples {M m ,<f,N) where 

( 1 ) M* is an object in C b (VecK 0 )- 

(2) (j> : M * — > M * is a a-semilinear endomorphism of complexes called the Frobenius 
operator. 

(3) N : M* —>• M* is a nilpotent endomorphism in C b (VecK 0 ) called the monodromy 
operator. 

(4) f and N satisfies Ncf> = pcf>N. 

A morphism in C b igKo is a morphism in C b (VecK 0 ) which is compatible with f> and N. 
Definition 2.3.2. Let C^ R K be the category of pairs ( M',F ) where 

( 1 ) M* is an object in C h (Vecx)- 

(2) F is a separated exhaustive descending filtration on M* called the Hodge filtration. 

A morphism in K is a morphism in C b (VecK ) which preserves F. 

Definition 2.3.3. A p-adic Hodge complex is a system M* = (M* ig , f>, N, F, a, /3) 

where 
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(1) (M r * ig , 4>, N) is an object in C b igKg . 

(2) Mft is an object in C b (VecK )■ 

(3) (M dR ,F) is an object in C\ RK . 

(4) a : M* g ®k 0 K —> M\ and (3 : M* R —> M R are morphisms in C b (VecK)- We call 
them comparision maps. 

We call M* (resp. M* R ) the rigid (resp. K -, de Rham) specialization of MV A 

morphism of p-adic Hodge complexes is a triple of morphisms on specializations which 
are compatible with comparison maps. We denote pHC^- the category of p-adic Hodge 
complexes. 

A morphism in pHC^ is homotopic to zero if it has a homotopy on every specializa¬ 
tion. We define the homotopy category pHKx of p-adic Hodge complexes to be pHCx 
modulo morphisms homotopic to zero. A p-adic Hodge complex is acyclic if every spe¬ 
cialization is acyclic. Then the localization of pHK/^ by acyclic objects exists, and has 
the natural structure of triangulated category. We denote it by pHD^- 


2.4 Extension groups of p-adic Hodge complexes 


Note that C b ig Kg and C(j R K are additive categories with internal Horn. Let L 9 and M* be 
objects in pHCa-. We assume that the Frobenius operator 4> on L * is an automorphism. 
Then we define the complexes A 9 (L*, M 9 ), B 9 (L *, M*), and C*(L*,M*) and maps <f> = 
$(L*,M*) : A 9 {L 9 ,M 9 ) -> B 9 (L 9 ,M 9 ) and T = T(L*,M*) : B 9 {L 9 , M 9 ) -> C 9 (L 9 , M 9 ) 
by 


A 9 {L 9 ,M *) 
B 9 (L 9 , M 9 ) 
C 9 {L 9 ,M *) 
$(x,y,z) 
x,y,z,w) 


HomVLV, M* ig ) © Hom*(L^, M 9 K ) 0 F° Horn 9 {L 9 dR , M* R ) 

Horn *(L* ig , M* ig ) ® Horn *(L* ig , M* ig ) ® Horn *(L* ig , M R -) © Hom *(L* R , M^-) 
Hom*(L* g ,M* g ) 

(N(x),x — cj)(x),ax — ya , y/3 — (3z) 
x — p4>(x) — N(y). 


Then we have a double complex 

A 9 {L *, M 9 ) A B 9 (L 9 , M *) ^ C 9 (L 9 , M 9 ) (2.4) 

of vector spaces over Q p considering A n (L 9 , M 9 ) to be the (n, 0)-component. Let 

= &(L m , M *) : A 9 (L 9 , M 9 ) -»■ Ker* T 


be a map induced by 4>, and put 


A*(L*,M*) = Con e 9 {A 9 {L 9 ,M 9 )[l\ -» Cone* T) = Cone*(Cone* 4> —>■ C 9 (L 9 , M 9 )) 

A*(L*,M*) = Coker* 

A*(L*,M*) = Coker* = Coker* (Cone* <f> -► C*(L*,M*)). 

Note that A*(L*,M*) is the total complex of (12.41) . Now we have two distinguished 
triangles 


Ker*$'-► Cone* $'[-!]-► A*(L*, M*)[-l] (2.5) 



Ker*(Cone* 4> —» C 9 (L 9 , M*))[—1]-*- A*(L*,Af*)[-2] -► A*(L*, Af*)[-2]. 
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Remark 2.4.1. For an object M* in pHC R , we define the complexes A 9 {M'), B*{M*), 
C*(M m ), and AS(Af) by 


= M 9 

-^rig 


F°Km 

= -^r*ig © © M* k 


A- 0 (M-) 

Bo(M m ) 

Co(M •) 

AS(M’) = Cone*(^4*(M*)[l] -»■ Cone* tf 0 ) = Cone*(Cone* -»• QM*)). 


’) = 


rig 


where 

$o = MM 9 ) : A 9 {M 9 ) 
*0 = MM 9 ) : £q( m# ) 
Then the maps 

A 9 (K q ,M 9 ) -> 
B 9 {K 0 ,M 9 )^ 
C 9 (Kq, M 9 ) —»• 

induce the quasi-isomorphism 


BS(M-) : (x, y) {N{x),x - <j>(x),a(x) - /%)) 
Cq(M’) : (x, y, z) x - p^>(x) - AT(y). 


^o(Af) 

e 0 *(M‘) 

Co(M-) 


(x,y,z) (x,z) 

(x, y, z, w) (x,y,z + w) 

X I ^ X 


A 9 (K 0 ,M 9 ) -»• A5(M’). 

Proposition 2.4.2. Let L* and M* be objects in pHCx- Assume that comparision 
maps of L* are identity maps, and < f> on L*- is an automorphism. Then 

lir^i H n (A* {L 9 , M ' 9 )) = 0 

M" 

for every integer n. Here M' % runs all quasi-isonrorphisms M* —» M'*. 


Proof. We can prove this by the idea similar to Proposition 12.2.11 We assume n = 0. 
Denote the compression maps of M* by a and /3. Let £ be a 0-cocycle of A(L*,M*). 
Take ( x,y,z,w) £ Ker° T representing (. Then there exists ( s,t,u) £ A 1 {L*,M 9 ) such 
that 


—dx = Ns, — dy = s — cf>s, — dz = asx — t, — dw = t — fdu. 


Let 


M' r \g 

M'k 

M l dR 


Mli g©4? 


1 L Hg ■ 


= L 40 L© 0 L 


^dR< 


1 -^dR 1 


L 


K w 
i—1 
dR ' 




1 L Hg ' 


i V- 

rig 


i —1 


L 


K 


A * 




© A ng 

Tl-l 


We define the differential, monodromy, and Frobenius operators on M'*. same as proof 
of Proposition 12.2.11 Define the differentials on M'ff and M'*^ by 

d(m,£ £§,£§) 

= {dm + axi\ ~ adxi 2 + axdi^ + ayxis — adyxii — ayxdi 4 + H 5 + dti$ + tdi§, 
—dt\,i\ + dl 2 , —dls, £3 + dl 4 , dl§, —tty — d-fj;) 
d(m, Ai, A2, A3, A4, A5, Ae) 

= {dm + u£\ + dul2 + udi2, d £\, —^1 — d£f) 
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respectively. The Hodge filtration on is defined by direct sum. The comparision 
maps M r '* g ® K —> M£ and M'* R —» Mj* are defined by 

(m,£i,h,h,h,h,h) >->• (am - 1 4,^ 2 ,4,4! 4) 

(m,£ 1 ,^ 2 ) (/3m + w£\ + + wdJt 2 , 0,0, 0,0, t\, if). 

Define / = (/rig, fx, fan) : M* —» M'* as inclusions to the first summands on special¬ 
izations. We define elements (a,b,c,e) E Ker -1 T(T*, M'*) and (A, n, v) E ") 

by c = 0, e = 0, and 

a{£) = ( 0 , £, 0 , 0 , 0 , 0 , 0 ), b(£) = ( 0 , 0 , 0 , £, 0 , 0 , 0 ) 

X(£) = (0,0, 0,0, 0, -£, 0), = (0, 0,0, 0,0, 0), v{g) = (0, 0) 

for every l E L* ig and £' E L l K = L l dR . Then we have 

fiigX = da + ad + NX — XN 
/rig?/ = db + bd + A — cj)X(j)~ l 
fxz = dc + cd + a X — [ia 
fdRW = de + ed + y/3 — f5u 


so we complete the proof. □ 

Proposition 2.4.3. Let L* and M* be objects in pHCx- Assume that f 011 L*ig is an 
automorphism. Then 

lhgi H n (A'(L*, M'*)) = 0 

M' % 

for every integer n. Here M'* runs all quasi-isomorphisms M* —> M' % . 

Proof. Define £m* : Hom *(L* g , M* g )e Hom *(L* g , M* g ) Hom *(L* ig , M* g ) by £(x, y) = 
x — p4>(x) — N(y). Let r = 2ro be an integer such that N r ° on M* is zero. Let 
M* = Cone*(M* M m )[- 1]. For ? E {rig, K, dR}, put M'f = Mf ©Mf (1)0- • (r) 

as complexes. Define the monodromy and Frobenius operators on M(* g as the proof of 
Proposition 12.2.21 Let / : M* —> M'* the natural inclusion. Then f(x) lies in the image 
of £m'* for any x G Hom °(L* g , M* g ). □ 

Theorem 2.4.4. Let L* and M* be objects in pHCx- Assume that comparision maps 
of L * are identity maps, and on L* ig is an automorphism. Then we have the canonical 
isomorphism 


Ext n (L*, M m ) = Hom p HD K (L m ,M m [n]) = H n (A*(L*, M* )[—2]). 

Proof. It follows from Proposition 12.4.21 and Proposition 12.4.31 in the same way as The¬ 
orem 12.2.51 □ 

2.5 Equivalence of derived categories 

Let pHD^-° (resp. pHD^-°) be the full subcategory of pHD^ consisting of objects such 
that the specializations are acyclic in degree > 0 (resp. < 0). Then (pHD^°,pHD^- 0 ) is 
a non-degenerate f-structure on pHD^. The natural functor C b (MF^(<p, N)) —> pHC^ 
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induces the functor 0 : D b (MFff((j), N)) —>• pHDp- which is compatible with f-structures. 
Through this functor, we regard MF^(</>, N) to be a subcategory of the heart of the t- 
structure on pHDp;. 

We say that an object in pHDp- is strict if it is represented by an object M* in 
pHCx such that d l {F 3 M l AR ) = d l (M AR ) fl F 3 M) ]R l for any i and j. Let pHDx be the 
full subcategory of strict objects in pHDp; whose cohomology objects with respect to 
the f-structure are in N). Then pHDp- is a trianglated subcategory of pWDx, 

and the heart of induced f-structure is MF^(0, N). 

Theorem 2.5.1. The functor 0 : D b (MF^((j), N)) —> pFFDk is an equivalence. 

Proof. By definition, this functor induces an equivalence on the hearts. Thus, by |Bei2j 
Lemma 1.4, it suffices to show that for any objects L and M in MF^(</>, N) and n > 0 
Ext n (L,M) —> Ext n (0(L),0(M)) is an isomorphism. By Theorem 12.2.51 and Theo¬ 
rem EHIl it suffices to show that r*(L, M)[— 2] and A*(0(L), 0(M))[—2] are quasi¬ 
isomorphic. Explicitly, T*(L, M)[—2] is 

Hom(L, M) 0 F° Hom (Ly.My) 

—> Hom fL. M j 0 Hom (L, M) 0 Hom fLp, Mk) 

-> Horn (L,M) 

here two arrows are defined by (x,y) i->- (N(x),x — cf>(x),y — x ) and ( x,y,z ) *->■ x — 
pcj)(x) - N{y). And A*(0(L), 0(M))[—2] is 

Hom(L, M) 0 Horn (Lk. Mk) © F° Hom (i/y, Mk) 

Honi fL. M) 0 Hom fL. M) 0 Hom(L, Mk) 0 Horn (Lk. Mk) 

-1 Horn (L,Af), 

here two arrows are defined by (x, y, z) i—>■ (N(x), x — <f(x), x — y, y — z) and (x, y, z, w) >->• 
x — v4>{x) — N(y). One can easily check that these are quasi-isomorphic. □ 

3 Log rigid cohomology 

3.1 Generalized Godement resolution 

To define the functorial p-adic Hodge complexes associated to strictly semistable schemes, 
we need a functorial flasque resolution of sheaves on dagger spaces. For this, dagger 
spaces do not have enough points. Namely, a sheaf on a dagger space can be non-trivial 
even if its stalk at every point of underlying set is trivial. Using the points in the sense 
of van der Put and Schneider |vdPS| . we obtain the generalized Godement resolution 
following [COM ]. 

For a site X, we write the category of sheaves of abelian groups on X by Sh(A). 

Definition 3.1.1. Let u : P —>• X be a morphism of sites, u* : Sh(X) —► Sh(P) 
be the functor induced by u. Let ?y : idgh(x) —> u*u* and e : u*u * —>• idgh(p) be 
the natural transformations given by adjoint property. For an object T in Sh(A) and 
n > 0, let B n+1 (F) = (u*u*) n (F). Then we get a co-simplicial sheaf B*(F) with 
(u*u*) 1 u*eu* (M* 7 p) n ~ 1- * and (u*u*Yri{u if u*) n ~' 1 as i-th co-degeneracy and i-th co-face. 
Let GdpJ 7 be the associated complex of Sh(X). 
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For a complex T* of sheaves on X, let Gdp(J 7 *) be the total complex of the double 
complex Gdp(J r *)- 7 . 

Proposition 3.1.2 ( |GGM| Lemma 3.1). There is a canonical morphism bjr : J 7 —> 
GdpJ 7 , which is quasi-isomorphism if u* is exact and conservative. 


Proposition 3.1.3 ( |CCM| Lemma 3.2). Suppose we are given a commutative diagram 
of sites 


P — 9 —^ Q 


u 


O v 


X 


f 


Y, 


and sheaves T on Y and Q on X, and a morphism a : Q —>• f*T- Then there exists a 
canonical morphism Gdgt/ —>• f*GdpJ- which is compatible with bj and bg. 


Definition 3.1.4 (prime filter). Let X be a rigid analytic space over K. A prime filter 
on A is a system p of admissible open subsets of X such that 


• p contains 0 and X. 


• If U\,U 2 £ p, then U\ G U 2 € p. 


• If U £ p, then every admissible open subset of X which contains IA is also in p. 

• If U £ p and is an admissible covering of U , then Ui Q £ p for some io £ /. 

For an admissible open subset U of X, Let IA be the set of prime filters on X containing 
U. Let P'(X) (resp. Pt'(X )) be the sets of prime filters on X with the topology generated 
by all W s (resp. with the discrete topology). Let P(X) and Pt(X) be the site associated 
to topological spaces P\X) and Pt'{X). Let cr : P(X) —> X be the morphism of sites 
defined by IA 1 —» IA. Let ^ : Pt(X) —> X be the composition of the natural morphism 
Pt(X) -£ P(X) with cr. 

Proposition 3.1.5 ( [GGM I Lemma 3.8). £* : Sh(A) —> Sh (Pt(X)) is exact and conser¬ 
vative. 


Since every dagger space y is homeomorphic to its completion y as Grothendieck 
topological spaces, by Proposition 13.1.21 and Proposition 13.1.51 we can define the Gode- 
ment resolution GdanJ 7 of T £ Sh(T) as Gdp t ^jJ 7 . 


3.2 Log rigid complexes 

Contents of this subsection are almost quotations from the first section of jGK3j with 
some arranging notations. In the following, we use generalized Godement resolution 
Gd an to define log rigid complexes. We refer [Me] , mu and [LM] for weak formal 
schemes and dagger spaces. 

Let S be the log scheme SpecVF[f] with the log structure associated to N —>• W[t] : 
1 i->- t, S be the exact closed log subscheme of S defined by (p), Sq be the exact closed 
log subscheme of S defined by (t). Let & be the weak completion of S. Let &w and &y 
be the exact closed weak formal subschemes of © defined by 1 1 —> 0 and t 1 —» 7r. 
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For a fine 5o-log scheme (Y,AA) and a choice of an open covering of Y and 

exact closed immersions ( Ui,N ) ^ (^P^A/qjJ into smooth weak formal @w-(resp. Q v ~ 
)log schemes, Grofie-Klonne defined a bounded complex of Ko-(resp. K -) vector spaces. 
We call them the log rigid complexes of (Y,J\T) over Kq (resp. over K ), and denote by 
RT 0 ((Y,ATy,{(%,M Vi )} ieI ) (resp. RT K ((Y, AT); {(«&,4)} isJ )). 

For a morphism / : ( Y',Af') —> ( Y,Af ) of fine 5'0-log schemes and a choice of 
{OPij-MpJlie/ f° r ( Y,J\f ) and {(*p', A/Jp'. )} je j for (Y',Af r ) as above, he also defined 
a complex Mr?(/; {(<Pi, J\T Vi )} ieI , {(fp' , )} je j) with maps 

Mr ? ((y / ,AT');{( $ P',W'^)} ieJ ) -»■ Mr ? (/;{(ip i ,A4p i )} i 6 /,{(*P',W'^)} jeJ ) 

<- ®F?((y, jV); {(fPj, A/jpJjie/) 

here ? is 0 or K, and the first map is quasi-isomorphism. This gives the functoriality of 
log rigid complexes in the derived category. 

A log scheme with boundary is a morphism t : (Y,J\Ty) ^ (Y,J\fy) such that the 
underlying morphism of schemes is a schematically dense open immersion, My —<► t*A fy 
is injective, i*My = My, and (i*A/y) gp = A fy. We refer [GK2] for details on log schemes 
with boundary. For an 5-log scheme with boundary (Y. My) ^ (Y,My) and a choice 
of an open covering of Y and boundary exact closed immersions (( Ui,My ) ^ 

( Ui,J\fy )) —> (('Pj,A/p i ) (Vi,My)), Grofie-Klonne defined a bounded complex of Kq- 
vector spaces. We call it the log rigid complex of ( Y,My ) ^ (Y,My), and denote by 
KF((y, My) ^ (Y,M W )\ m,N Vi ) ^ (n,A%)W). 

More generally, he also defined the log rigid complexes of a simplicial fine 5o-log 
scheme and of a simplicial 5-log schemes with boundary. 

3.3 Frobenius and monodromy operator 

We use the definition of monodromy operators on log rigid cohomology due to Grofie- 
Klonne [GK3j. 

Definition 3.3.1 (strictly semistable scheme). A V -scheme A is strictly semistable if 
Zariski locally it is etale over Spec V[T \,..., T n ]/(Ti • • • T r — n) for some 0 < r < n. 

From now on, we use the following notation; A is a strictly semistable scheme over 
V with the generic fiber X and the special fiber Y. Let Mx be the log structure on 
X defined from Y. and A fy be its pull-back to Y. (3t,Mx) is the weak completion of 

(*, a r x ). 

Definition 3.3.2 (admissible lifting). An admissible lifting of A is a weak formal log 
scheme (3, A/ 3 ) over & together with an isomorphism (X, Mx) — (3, A/ 3 ) x@ 6 y and an 
endomorphism <j> on 3 satisfying the following conditions: 

(1) The underlying weak formal scheme 3 is smooth over Spwf W, flat over Spwf W[i]b 

(2) Z = 3 xSp W f w [t]t Specft[f] is generically smooth over Spec/c[f]. 

(3) 2) = 3 x Spwfvy[t]t SpwfW is a normal crossing divisor on 3, and A /3 is the log 
structure defined from this. 
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(4) <f> is a lift of p-th power Frobenius on Z, is compatible with a on Spwf IT[f]t, and 
sends equations for the W -flat irreducible components to their p -th powers. 

We follow the construction of the log rigid cohomology by GroBe-Klonne in [ GK4j . 
Note that admissible liftings locally exist. Denote the irreducible components of Y by 
{Y} i£l . Let {Uh}heH be an open covering of X such that there exist admissible liftings 
3 h oiUh for any h € H. For h £ H and i € I we let be the unique IT-flat component 
of 2)/i which lifts Y{ D Uh,k\ if ^ H U.h,k is empty we let ST) A* be the empty weak formal 
scheme. For m > 0 and a = (ho ,..., h m ) £ H m+1 , let U a = Uh r , and let 3 a be the 
blowing up of IX"=o 3h r along Yliei II^=o %)h r .i (products are taken over Spwf IT). Let 
3 q be the complement of the strict transforms of all 

X II 3/i r , 

0 <r'<m, r'/r 


in 3(i> and 2)a be its exceptional divisor. Let T Q be the blowing up of f!r=o Spwf W[t}^ 
along ndo Spwf IT. The diagonal embedding SpwfIT[f]t —> n!-=o Spwf IT[f]t lifts to 
an embedding Spwf W[t]^ —>• T a . Then there exists a natural morphism 3(* —>• X a , and 
3a = 3« x T a Spwf IT[t]i is smooth over IT, and has a relative normal crossing divisor 
2 ) a = %)' a Xj o Spwf IT. Let A/^ be the log structure on 3a defined by 2) a . Denote 
the logarithmic de Rham complex of (3a jA/^) over (Spwf W, triv.). Let 

® °?)a 

w *j a = ^/(S^Adlogf) 

= Im (“L ® ^ 5 *J 

= J<Q a ) 

where ( is the non-logarithmic de Rham complex of 3a over Spwf IT, Jig a is the ideal 
sheaf of 2) a in 3a- The Steenbrink double complex A*’* on 2) a ,Q is defined by 


A i ’ j = / P ~- i+j+1 


2J«,q 2} QiQ > 


the vertical differentials A l J —> A a +lj are induced by (—\yd : —> uj‘^ +2 , and 

the horizontal differentials A^J —>• Aq- 7 " 1-1 are induced by w w A dlogf. Let A* be the 
associated total complex. Let 

n u a 

aefl ra+1 

TT %)a,Q 

aeH m + 1 



and A^ = ]J A* be a complex of sheaves on 2) m ,Q. 

We define Mr r i g (T; {3h}heH) to be the total complex of rQT/.^sg., Gd an AJ). The 
diagonal actions of 4> on 3 g induce the Frobenius operator </> on Mr r i g (T; {'5h}heH) 
which is a cr-semilinear bijection. The monodromy operator N on MT r i g (T; {3h}/iei?) is 
induced by (—l)- 7 " 1 " 1 times the natural projections A l J —> Aq _ 1j+1 , and it is nilpotent. 
These operators satisfy the relation Ncf> = p(j)N. In particular, MT r i g (T, {3/i}/iei?) is an 
object in C b lgKQ . 
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The natural map u*j —> A a : g i-> TyAdlogi induces a quasi-isomorphisms ^ 

A* and 


MT 0 ((y, Afy), -a MT rig (T, {3 fe W) 


(3.1) 


3.4 Functoriality; construction of maps 

Let X and X' be strictly semistable schemes over V, f : X' —>• X be a F-morphism. 
Denote the irreducible components of Y and Y' by {Y)}j e / and {Y-}j e j respectively. 
Let 

Ji = {j G J I f(Yj) C Yi}, I 0 = {i€l\Ji± 0}. 

Then we have J = U ; ; e / 0 <h- Take an open covering {Uh}heH of X with admissible 
liftings {'5h}heH and an open covering {U' g } ge G of X' with admissible liftings {3g}geG- 
Let L = G x H. For t = (g , h) € L, we write Uf = U' g n f~ L (U h ), 3£ = 3/i, and 3^ = 3 g - 
For i € I, j € J, and £ = (g, h ) € L, let 2)^ and 2)^ ■ be the unique W-flat components 
of 2)^ and 2)^ which lift Y) fl lAh.k and Y- n U g ^ respectively; if Y) FI Uh,k is empty we let 
2 )^ j be the empty weak formal scheme. 

For m > 0 and a = (£o, • • • ,£m) F L m+1 , let J7" a be the ideal of 

m m 

e n®^ x ®ij)cn(3^ x 3u 

iG/o, Ji r=0 r =0 

and be the blowing-up along J a . Let be the ideal of 

m m 

^(SpwflF x SpwfkF) C JJ(Spwf x Spwf VF[s^ r ]i), 

r =0 r =0 

and Tq, be the blowing-up along I a , here tf r 's and sg^s are indeterminates. Then the di¬ 
agonal embedding Spwf W[t]^ —> ]”[((Lo(®P w ^ x Spwf W[s£ r ]i) lifts to Spwf W[t]^ —> 

% a . Denote 

m m 

Qa ■ J|(3 ir X 3(. r ) JJ(Spwf W[U r ) ] x Spwf W[si r ] ] ) 

r =0 r =0 

the natural morphism, and let 

6a ■ (^Qa 1 ^) 11 -t Q)Ja 

n >0 n >0 

be the induced homomorphism of graded rings. Let Y(9 a (t£ r ),6 a (se r ))" L 0 be the closed 
weak formal subscheme of defined by all images of degree -1 elements tg r and sg r by 
9 a . Let ty' a be the complement of V(9 a (ti r ), O a {sg r ))?Lo and the strict transforms of 

( 2 ) W x 3i)x n (3v x 3v) 

0 <r'<m, r'^r 

(3e r x %)e r> j) x n x 3^ r ,) 

0 <r'<m , 


for all i E I and j 6 J in Then we have a natural morphism ty' a —»• T Q . Let 
Xj q Spwf !F[f]i. Then the exceptional divisor £} a is a normal crossing divisor 
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on a . As the construction of 2)«,iq and A* in last subsection, we can define a simplicial 
dagger space 0 .,q and complexes B * of sheaves. We define MT r i g (/; {3 h}h£H, {3 ' g }gec) 
to be the total complex of T {]U* k [q. , Gd an .B*), then this is an object in C r b ; „, Kq . Moreover 
we have natural maps 

Mr rig (df, {3 h }h &H ) Mr rig (/ ; {3 h } heH , {3' } 9eG ) ^ Mr rig (T' ; {3(,} 3eG ) (3.2) 


Lemma 3.4.1. The map (*) in (13.211 is a quasi-isomorphism. 

Proof. Since the following diagram (13.3H is commutative and vertical arrows are quasi¬ 
isomorphic, it suffices to show that }U* k [Q,—>]U' m k [y t is a relative open polydisk. 


, GdanW-, Q ) -- r(K* fe b„ GdanO^) ( 3 . 3 ) 

MT rig (T", {3'} 9eG ) MT rig (/; {3 ft W, {3' } 9 g G ) 


Since the statement is local, we may assume that there are finite sets / and J which 
contain I and J respectively, and etale morphisms 

3^ Spwf W[T f J ief: y t Spwf W[S tjj ]\ e j 

such that 2)e : i and 2)^- are defined by T £i and Sgj respectively for all i G L, i G I , and 
j € J. Then, for fixed any 0 < q < m, io G Jq, and jo £ J, £2 a and 2)' a are etale over 


%* 


Spwf ■ 


W\TtA T ^’ (fe) ±1 '( n, T^*" J ) ±1 ] t 


(IljeJ 


0 < r < m, 0 < r' < m, r ^ r' 
a e I \ Io, a/ £ I \ I 

be j, b' e j\j 

c e J \ {jo}, /o\Oo) 


and 

%S' a = Spwf 
respectively. Let 


S’/) . „ . . 0 < r < m, 0 < r < m, r ^ r 

WjSt^S^y,^) ^bej-b'ejQ - 
(IlieJ Se q ,j) 


R = Spec k[S £qtj \ jeJ /(Y[ S £qJ ). 

3&J 

Then we have a commutative diagram 


—-KM 


}R 


W. 


■]i? 




in which the vertical arrows are isomorphisms. Since fK a —> ¥3' a is smooth, ]R[^ a — 

is a relative open polydisk. □ 
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3.5 Functoriality; composition 

Next we consider about the composition. Let X" 4 it" 4 L be the morphisms of 
strictly semistable schemes over V. Let {Yi}j e j, {Yj}j e j, and {Y q } q£ Q be the irreducible 
components of Y, Y', and Y". Let 

Ji = {j € J I f(Yj) C Yi} 

Qi = {qeQ\fog(Y’ , )cY i } 

Qj = {q^Q\g(Y;')cY'} 

for i € I and j € J, and 

h = {* S / | Ji / 0 } 

JdO = {* e I | Qi 7^ 0} 

Jo = {j e J | Qj / 0} 

J*,o — Ji n Jo. 

Take open coverings {Uh}h&Hi {Ug}y£G, and {U"} e &E of X, X and X" with admis¬ 
sible coverings {3h}heH, {3 ' g } g eG, {3 ”}eeE- Let 

C = E x G x H. 

For l = (e,g, h) G £, we write 3^ = 3/i, 3^ = 34 and 3" = 34 

For m > 0 and a = (Jo, ■ ■ ■ , J m ) £ £ m+1 , let be the ideal of 

m m 

e ii®*.* x x 2 ) 4 , 4 c n^r >< 34 x 34) 

ie/oo> ieJi, 0 , qeQj r=0 r=0 

and be the blowing-up along J a . Let X a be the ideal of 

m m 

^(SpwfhF x Spwf IT x Spwf IT) C JJ(Spwf ITft^,]^ x Spwf W[s£ r ]t x Spwf W[u£ r }^), 

r=0 r=0 

and T a be the blowing-up along X a , here Q r ’s, s^’s, and U£ r ’s are indeterminates. Then 
the diagonal embedding Spwf W\$ —> n4=o(®P w f xSpwf hF[s£ r ]l xSpwf W[u£ r ]^) 

lifts to Spwf W[t]^ —> T q . Denote 

m m 

q a ■ JJ(3^ r x 34 X 34) ->■ ]4[ (Spwf LTL] T X Spwf W[se r ]^ x Spwf W[u £r ]^) 

r =0 r=0 

be the natural morphism, and let 

6 a ■ (^)q a l {Y-a) n -> 

n >0 n>0 

be the induced homomorphism of graded rings. Let Y(0 a (te r ), 9 a (s£ r ), 9 a {u£ r ))™ =0 be the 
closed weak formal subscheme of dehned by all images of degree-1 elements t£ r ,S£ T , 
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and U( r by 6 a . Let be the complement of 'V(O a (tg r ), d a (se r ), 9 a (ui r ))™ =0 and the strict 
transforms of 



0 <r'<m, r'^r 


tte r x 2)lj x 31) x n (3 V x 31 x 31) 


0<r'<m, r'^r 



0 <r'<m, r'^r 


for all i € I, j G J, and q £ Q in . Then we have a natural morphism ^ —»• T Q . Let 
ip Q = i)3 Q Spwf W[t]L Then the exceptional divisor £} Q is a normal crossing divisor 

on ty a . We can define a simplicial dagger space LJ.,q, complexes of sheaves Bl, and an 
element MT rig (/, g; {3h}heH, {3' g } g eG, {3"}e£E) in C^ ig Ko as before. Moreover we have 


a commutative diagram 





Rr rig (W' ; {3"} e ) 


(3.4) 


in C(j g Kq ■ So the construction in the last subsection is compatible with composition. 

Remark 3.5.1. That the maps with (jj) in the diagram (|3.4I) are quasi-isomorphic can 
be showed by local description as the proof of Lemma 13.4.11 

Considering the case / is identity and the case g is identity, we can show that 
Mr rig (T, { 3h}heH ) and the construction (13.21) are independent of the choice of admissible 
liftings up to canonical quasi-isomorphisms. In other words, MT r i g gives a functor from 
the category of strictly semistable schemes over V to the derived category of C r b ig Kq . 

4 Log rigid syntomic cohomology 

4.1 Definition 

Let X be a strictly semistable scheme over V. Grofie-Klonne proved that the base change 
of the log rigid complex over Ko is quasi-isomorphic to that over K ( }GK3| Theorem 
3.4). This quasi-isomorphism depends on the choice of an uniformizer of K. We follow 
his construction. We refer the second section of [GK3] for more details. 
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Let My be the log structure on Y defined as the inverse image oiMx- Let { Y {be 
the irreducible components of Y. Choose an open covering {Uh}heH of X with admissible 
liftings • For * G / let Mj be the preimage of ideal of Y % in Y by My —>• Oy. Let 

Cj be the line bundle on Y associated to a principal homogeneous space Mj over Oy. 

For a non-empty subset J C I, let Mj = Pi jejYji and let Mmj be the inverse image 
of My on Mj. For j G J let 

Mj = Cj ®o Y ®Mj 

Vj = Spec(Sym o Mj £j) 

p j = Proj(Sym 0 mj (0 Mj ® Mj)). 

For a non-empty subset J' C J let 

Mj Mj 

Vj = 11 Vj, Pj' || '• 

j&J' j€J' 

and write Vj = Vj , Pj = Pj. Then there is a natural open immersion Vj' ^ Pj'. 
Let Nj ^ be the divisor on Pj which is the pull-back of the divisor Pj \ Vj on Pj. Let 
Nj 0 be the divisor on Pj which is the pull-back of the zero section divisor Mj —>■ Pj on 

Pj. Let Dj be the divisor on Pj which is the pull-back of the divisor Mj D U 7 e/\j Pj 
on Mj. Let Mpj be the log structure on Pj defined by the normal crossing divisor 
U j&J iVjoo U UjeJ Nj o U Dj. Let M v j> and M p j> be the inverse images of Mp d on Vj' 
and Pj . For m > 0 let 

Am = {A = (MX),..., Jm( A)) | 0 ± J 0 (X) c • • • C J m ( A) c /}. 

For A G A m let 

Let 

(M m ,N M J = ]J (Mj m {\) i N MjmW ) 

A(zA m 

( Kn,MVm ) = ]J (V\,M Vx ) 

AGA m 

(P m ,M P J = [] ( P x ,M Px ). 

AEA m 

Then we have a simplicial fine 5o-log scheme (M., Mm. ) and a simplicial 5-log scheme 
with boundary (V.,Mv.) '—>■ (P,,Mp.). 

Take an open covering {Uh}heH of X and admissible liftings 3h’s of Up s, and let 
be the weak completion of Uh- Let 2 )h = 3/i x s pw fVK[t]t Spwf W. For m > 0 and h € H, 

let V) ( j m:> = U AeAm 2 ) h , M.h = U\eA m Uh, and P m , h = P m x Y U hjk . Refining the covering 
{Uh}heH if necessary, we can take boundary exact closed immersions ((y m ,h,Mv rnh ) 

(P m ,h,M Pjnh )) ->■ ((Vm,h,M Vrrih ) ^ (P m,h,Mp mh )) into smooth 5-log schemes with 
boundary. Then we have natural quasi-isomorphisms 




Jo (A) 


Jm(A)> 


p^ = p 


Jo (A) 


Jm ( A) ' 
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Mr 0 ((y,AA y );{( 2 ) ft ,A%JW) 

Mr 0 ((M.,Ar M .);{(2}J i m) ,A^( m) )W, m > 0 ) 

-)• Kr 0 (idM.;{(?)Sr ) ,^,( r ))}ft G H ) m>Ot {(Vm,h,Wi’Nv rn j l , w ')}h€H, m> o) (4-1) 

«- ^ 0 ((M.,N M ')]{(V m! h,W,-N’v rnih w )}heH, m> o) 

RT((V.,Afv.) ^ ^ ('Pm,h,J^P rn , h )}heH, m> o) 


Mr((V.,A/V.) ^ (P;Np.y, {(Vm,h,J\fv m ,J ^ m>o) ® ^ 

—* l^r K((M.,J\fM.);{(V m ,h,V:JVv m , h:V )}heH, m> o) 

—> ^^(idM.; {(ilm.hjMl,,,,h)}/iGH, m> 0 , {(V m ^,y,A/v m>]V )}ftG_ff, m>o) (4.2) 

•<- m>o) 

«- MV((Y, A/y); {(ilh,ATu h )}h€H) 

<- Mr*((y,MO; {(*,■*&)})■ 

And we have natural maps 

Mr^((y,^y);{(x,A4)}) ^ r(x^,Gd an ^ og ’*) <- r(x K ,Gd an ^) 

= r(X an , i*Gd an H|) <- T(A an , Gd an ^ an ) <- T(A an , Gd an u;*n\.) (4.3) 

T(X, Gd an+Zar ^x) r(A, Gd Zar H* Y ) -»■ RT dR (X/K). 

Here, Gd Zar and Gd an+Zar are Godement resolutions associated to P Zar (A) —> A Zar and 
Pz&r(X) ]J Pt(X a,n ) — > Xzar, where P Zar (A) is the set of Zariski points of X with discrete 
topology, A Zar is the Zariski site of X. The maps (b) and (t|) are obtained by (CCM j 
Proposition 4.9. MrdR(Af/lF) is the derived de Rharn cohomology of X, which is an 
object in C\ RK ( |Bei3| section 3.4). Note that these maps are always quasi-isomorphic 
except (0). 

By quasi push-out construction ( |GGM| Remark 2.12), we obtain the p-adic Hodge 
complex MTHdg(A’) associated to X from the maps 113.11) . 114.11) . 114.21) . and (14.31) . By the 
functoriality of Mr r j g proved in previous subsections and the functoriality of MTo and 
KT#, it is independent of all of the choice of data up to canonical quasi-isomorphisms, 
and defines a functor from the category of strictly semistable schemes over V to pHDx- 
We consider the condition 

(HK): the map (<0>) in (|4.3p is quasi-isomorphic. 

When X satisfies (HK), Mrndg(A’) represents an object in pKDx- We define the p-adic 
Hodge cohomology group of X by 

H^X^n) = H l (Rr Hdg (X)(n)) 

which is an object in MF^(0, N). 

Definition 4.1.1 (log rigid syntomic cohomology). For a strictly semistable scheme X 
over V, we define the log rigid syntomic cohomology group by 

H lyn (X,n) = Extp HDif (Kq , Mr Hd g (Af) (n)) = Hom p HD x (Aro,Mr H dg(A’)(n)[i]). 
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4.2 Properties 

For a strictly semistable scheme X over V, put 


H\{X,n) = 

H l (A 9 0 (RT Udg (X)(n))) 

= 

Hi ig (Y/K 0 )®F n Hi R (X/K) 

Hh(X,n) = 

H\B' 0 (RT ndg (X)(n))) 

= 

Hf g (Y/K 0 ) © H l rig (Y/K 0 ) © Hf g (Y/K) 

W c (X,n) = 

H\C‘ 0 (RT Udg (X)(n))) 

= 

Hi ig (Y/K 0 ) 

K(X,n) = 

IP (Cone* 4>o(Mr H dg('F, n))) 

Hp{X , n) = 

H 1 (Cone* T 0 (Mr H dg (X,n))). 

The following proposition 

is concluded easily from the definition. 

Proposition 4.2.1. For strictly semistable scheme X over V, there exist long exact 
sequences as follows. 


Hh{X, n) -- H' a (X, n) -- H^(X, n) H l B + 1 (X, n) 


H l B (X, n) — H l c (X, n )-- H^X, n ) 


H^(X,n) — H^(X,n) 


H l B + \X,n) 


syn 


H$\X, n) -- H*\X, n) -- H^ 2 (X, n) -- H$ 2 {X, n) 


Proposition 4.2.2 (Leray spectral sequence). If X satisfies (HK), there exists a spectral 
sequence 

4 J = V< F ^, N) ( K °’ H L g (X,n)) => Hi+l(X,n) (4.4) 

degenerating at £ 3 . 

Proof. With renumbering, the spectral sequence (14.41) is associated to the canonical fil¬ 
tration of a representing complex of the object in £ 6 (MF^(</>, N)) corresponding to 
RT H dg(*) (cf. |De| 1.4.5). Note that MF^(0, N) does not have any injective ob¬ 
jects except for 0, but Ind(MF^(^>, N)) has enough injective ([St] Theorem 2 . 2 ) and 
D b (MF^((f), N )) is a full subcategory in Ind(MF^(0, N )) f [Hulj Proposition 2.2). Since 
E % 2 = 0 for i > 3, it degenerates at £ 3 . □ 
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For smooth scheme X we denote the original rigid syntomic cohomology of Besser 
by m yn (X, n). 

Proposition 4.2.3. When X is smooth over V, there exists a direct decomposition 

Hi yn (X , n) * Hi yn (X,n ) © ir~ 2 (Cone*(l - ^ : Mr rig (Al) -► RT rig (X))). 

Here Mr r i g (Al) is a (log) rigid complex of X (for a choice of a family of local embeddings). 
In particular, if X is smooth projective and 2n — i ^ 0,1, then H l syn (X , n) and Hl yn (X, n) 
coinside. 

Proof. We write specializations of MFndg(df) by M* g , M^, and M dR . By Remark l2.4.11 
[CCM| Proposition 5.10 and Remark 2.9 (iii), Hl yn (X,n ) and Hl yn (X,n ) are computed 
as the cohomology groups of the total complexes of 

Af r *g © —> fH*; g © M* ig © —> -M* g (4.5) 

(x,y)H> (0,x-^)(x),x-y) 

(. x,y,z ) !->■ x — pcj)(x) 

and 

M r ' ig © F°M d ' R -> M* g © M*- (4.6) 

(x,y) •—> (x-(f(x),x-y) 

respectively. Since (14.51) splits to a direct sum of (14.61) and a translation of 

1 — pcj) \ M* ig —> M* ig , (4.7) 

we have 

Hl yn {X, n) = H' l ( Cone* (14.61) [ —1]4 © H l ( Cone* (14.71) [— 2]) 

= Hg yn (X , n) © 7P“ 2 (Cone*(l - ^ : Mr rig (^) -»■ Rr rig (^))). 

H t ~ 2 ( Cone*(l — : Mr r i g (< ; f) —> Mr r i g (R’))) equals zero if and only if 1 — -fjfrt on 

Hlf g {X) is surjective and on 7ft g ’ (X) is injective. So the statement follows from a 
consequence of the Weil conjecture (cf. |KM| 1. □ 


4.3 Log syntomic cohomology of a simplicial strictly semistable scheme 

Let X , be a simplicial strictly semistable scheme over V such that each Xj satisfies (HK). 
By the functoriality, we have canonical maps 

Kr H d g (- ; Lo) —> KrHd g ('4’i) — > Mrnd g (df2) —>•■■■• 


in pHD k ■ Let 

Mr' Hdg (R’o) -»• Mr / Hdg (^i) Mr( Idg (R' 2 ) • • • (4.8) 
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be the corresponding sequence in D b (MF^((j), N)). Fix a representing complex M* of 
Mr^jdg (T)) f° r each i. For every i > 0 we can take maps 

M* -> N? +1 M* +1 

such that they represent M* — > M* +1 , and the second leftwards arrow is quasi-isomorphic. 
Put L* = M* and L* = N*. For z > 2 let L* be the quasi-pushout of 

L'-l <r- M*_1_ N-. 

Then we obtain the sequence 

L* L“ ■ (4.9) 

in C b (MF^(4>, N)) with quasi-isomorphisms M* — > L*. Note that in D b (MF^((j), N)), 
(14.9|) is isomorphic to (|4.81) . When we have another sequence 

L'* —> L'i —> L2 —>••••, 

we have a commutative diagram 



here L'I* is the quasi-push out of the diagram L * M* —> L'* , and the vertical arrows are 
quasi-isomorphic. Therefore the image of the total complex of (14.91) in D b (MF^(cj), N)) 
is independent of all choices, we denote that by Mr( Wg (T’„). We define the log rigid 
syntomic cohomology of X, by 

H syn (X,,n) = Hom^t^pad^^^^iFo, Mr Hdg (T',)(n)[i]). 

4.4 Chern class map 

Let X be a strictly semistable scheme satisfying (HK). We construct the functorial Chern 
class maps 

c syn : Ki(X) H^\X,j) 

in the similar way to |Besj Theorem 7.5 based on Huber’s method. 

Let 

c- niV G = lin^ n (B.GL n , j) 

n 

be the universal Chern class constructed in the section 7 of [Besj . We also write c)t mv its 
image in iTfyn(B,GL, j) through the canonical inclusion given by Proposition 14.2.31 
For i > 0 we have maps 

Ki(X) liiyi 7 Tj Tot(Z x Z oc B.GL(Z4.)) —> lim7r,; Tot Z O0 B.GL(Z4.) (4-10) 

u. u. 
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where U, runs through all finite open covering of X considered as affine simplicial 
schemes, and the first leftwards arrow is isomorphic. 

For a simplicial cosimplicial abelian group {^4 m ,n}m,neN) write the associated complex 
by Ass*(A.,.), Let 

Horn(Z7 m , B n GL) = lim Horn (U m . B r ,GL,.). 

r 

Then there are natural maps of simplicial sets 

ZoofB.GL^)] ZZ 00 [B.GL(Z4 l )] ^ Z[B.GL(Z4)] -> Q[Hom(W n , B.GL)] 

which induce a map 

7r i TotZ 00 B.GL(W.) -> iL~*(Ass*(Q[Hom(Z7., B.GL)])). (4.11) 

For objects L* and M* in C b (MF^( K (f>, N)) we have a map of complexes 

Q[Hom cb{MF ^ N)) (L-,M-)\ r*(L*,M*)[- 2 ] 

sending / G Hom cij(MF ad (0iJV)) (L*, M*) to 

(/,/, 0,0,0,0) € Hom 0 (L*,M*)©F 0 Hom°(L^,M^)©Hom- 1 (L*,M*) 

© Horn " 1 a*. M m ) © Horn " 1 aV. MM © Hom" 2 (L*, M*) 

= r~ 2 (L*,M*). 

By taking direct limit for quasi-isomorphisms M* —> M /# , we obtain a map 

Q[Hom D6(MF a^d ( ^ JV)) (L*,M*)] fin^ r*(L*,M'*)[-2] - r*(L*,M*)[-2] 

M*—, >-M'*:qis 

in H fc (Ab). Since the total complex of the double complex associated to 

{r*(Mri Idg (B n GL r ),Mr / Hdg (w m ))} m , ri 

is equal to r*(Mr' Hdg (B.GL r ), Mr Fdg (£Y.)), the maps of complexes 

Q [Hom(7/ m , B n GL r ) ] —> Q [Horn D b (4 >,n)) (^^Hdg (B n GL r ), Mr^ dg ( lA m )) ] 

r* (Mr' Hdg (B n GL r ), RF' ndg (u m )) 

induce 

Ass* (Q [Horn (7/.,B.GL r )]) r*(Mr^ dg (B.GL r ),Mr' Hdg (^.)) 

in D b ( Ab). Then we get a map 

H~* (Ass* (Q[Hom(Z4, B.GL)])) H^Ext^(Krk dg (B.GL r ),Rr^(W.)) (4.12) 

r 

= fin^L Hom D() ( MF ad at)) (Kr Hdg (B. GL r ), Mr Hdg (U, )[—*]) 

r 

Composing (14.10|) . (14.111) and (14.121) . we obtain 

a : Ki(X ) ->■ lh^Hom D 6( MF ad ( - 9;)jA r^(MrHdg(B.GL r ),Mr , Hdg (A’)[—*]) 
r 

since we have a natural isomorphism Mr Fdg (A’) —> Mr^ dg (W.). We define the syntomic 
Chern class map 

c syn : K t (X) H^-\X,;j) 

by assigning a(x)(b) mv ) to x. 
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